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Abstract
Let X̂ and Ŷ be the Alexandroff compactifications of the locally compact spaces X and Y ,
respectively. Denote by Σ(X̂ × Ŷ ) the space of all linear extension operators from C((X̂ × Ŷ ) \
(X× Y)) to C((X̂× Ŷ )). We prove that X and Y are σ -compact spaces if and only if there exists a
T ∈Σ(X̂× Ŷ ) with ‖T ‖< 2 if and only if there exists a Γ ∈Σ(X̂× Ŷ ) with ‖Γ ‖ = 1. Assuming
the existence of a T ∈Σ(X̂× Ŷ ) with ‖T ‖< 3, it is shown that the pseudocompactness of X and Y
is equivalent to the fact that ‖Γ ‖ 2 for every Γ ∈Σ(X̂× Ŷ ).
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Introduction
All topological spaces are assumed completely regular and Hausdorff. C(X) is the
algebra of all continuous real-valued functions on X and C∗(X) is the subset of bounded
functions. If X is a dense subspace of a space Z, we write R(X,Z) for the remainder
Z \X. The Alexandroff compactification of a locally compact space X will be denoted by
X̂ =X ∪ {∞X}. It is known [2, Corollary 2.4] that given two noncompact locally compact
spaces X and Y such that X is pseudocompact and if K is a compactification of X × Y
bigger than X̂ × Ŷ , then the remainder R(X × Y,K) is not a neighborhood retract of
K . This result follows from the fact that under these hypotheses every linear extension
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operator from C(R(X×Y,K)) to C(K) has norm greater or equal than 2. The assumption
of the pseudocompactness cannot be dropped. Actually, it is known that R(N×N, N̂× N̂)
is a retract of N̂× N̂, therefore there exists a multiplicative linear extension operator from
C(R(N×N, N̂× N̂)) to C(N̂× N̂) with norm 1.
Given a dense subspace X of a space Z, put η(X,Z)= inf{‖T ‖: T is a linear extension
operator from C∗(R(X,Z)) to C∗(Z)}. From the above considerations it follows that if
η(X × Y, X̂ × Ŷ ) < 2, then neither X nor Y are pseudocompact spaces. But the converse
is not true since we shall give examples of nonpseudocompact spaces X and Y for which
η(X× Y, X̂× Ŷ )= 3.
We show that in general 1  η(X × Y, X̂ × Ŷ )  3 and the goal of this paper is to
find conditions on X and Y which characterizes the cases η(X × Y, X̂ × Ŷ )  2 and
η(X× Y, X̂× Ŷ ) < 2. One of the main results is that the inequality η(X× Y, X̂× Ŷ ) < 3
implies the existence of a neighborhood base of the points∞X and∞Y linearly ordered by
inclusion and with the same cardinal number. From this fact, we will deduce that X and Y
are either simultaneously pseudocompact or simultaneously nonpseudocompact. Moreover
we shall prove that X and Y are simultaneously pseudocompact (respectively nonpseudo-
compact) if and only if η(X× Y, X̂ × Ŷ ) 2 (respectively η(X× Y, X̂× Ŷ ) < 2).
The case η(X × Y, X̂ × Ŷ ) < 2 is especially interesting for two reasons. In first place
we prove that it is characterized by the σ -compactness of both factors. Secondly, we show
that it is equivalent to the equality η(X× Y, X̂ × Ŷ )= 1. We get this last assertion from a
general result about linear extension operators on product spaces.
1. The results
Given a space X we will write X˜ = X ∪ {pX} where pX ∈ clX \X. In the sequel we
denote H =X× {pY } and V = {pX} × Y .
Proposition 1. In general 1 η(X×Y, X˜× Y˜ ) 3. If the sets H and V are not separated
by open sets in X˜× Y˜ , then η(X× Y, X˜ × Y˜ )= 3.
Proof. The lower bound is consequence of the fact that the norm of every linear extension
operator is greater or equal to 1. On the other hand, given f ∈ C(R(X × Y, X˜ × Y˜ )), the
function Tf : X˜× Y˜ →R defined by
Tf (x, y)= f (x,pY )+ f (pX,y)− f (pX,pY )
is a continuous extension of f to X˜ × Y˜ and T is a linear extension operator from
C∗(R(X× Y, X˜× Y˜ )) to C∗(X˜× Y˜ ) with norm equal to 3.
Suppose that T is a linear extension operator from C∗(R(X×Y, X˜× Y˜ )) to C∗(X˜× Y˜ )
with ‖T ‖< 3. Since the sets H and V are disjoint and open in R(X×Y, X˜× Y˜ ), according
to [3, Theorem 3.1] they can be separated by open sets in X˜× Y˜ . ✷
The above result motivates us to look for conditions on X and Y to insure the separation
by open sets of H and V . Write |S| for the cardinal number of a set S.
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Proposition 2. Assume that X cannot be expressed as the union of κ closed sets in X˜. If
pY is in the closure of the union of κ compact subsets of Y , then the sets H and V are not
separated by open sets in X˜× Y˜ .
Proof. Let W be an open set in X˜ × Y˜ containing V and disjoint from H . Suppose that
pY is in cl
⋃
i∈I Ki , where {Ki}i∈I is a family of compact subsets of Y with |I | κ . We
shall find a point (z,pY ) in H ∩ clW . Since {pX} × Ki ⊂ W , we can choose an open
neighborhoodUi of pX such that Ui ×Ki ⊂W . By assumption X =⋃i∈I (X˜ \Ui), hence
there exists a point z in X ∩ (⋂i∈I Ui). Then
(z,pY ) ∈ cl
⋃
i∈I
(Ui ×Ki)⊂ clW
and therefore H ∩ clW = ∅. ✷
Corollary 3. Let X and Y be noncompact locally compact spaces. If X is pseudocompact
and Y contains a σ -compact set which is not relatively compact in Y , then η(X × Y, X̂ ×
Ŷ )= 3.
Proof. A noncompact pseudocompact space is not realcompact, hence not Lindelöf and
a fortiory not σ -compact. Therefore X cannot be expressed as a countable union of
closed subsets of its Alexandroff compactification. According to Proposition 2, the sets
H and V are not separated by disjoint open sets in X̂ × Ŷ . The result follows now from
Proposition 1. ✷
Given a cardinal number κ , we write Dκ for the discrete space of cardinality κ . The
following examples illustrate two different situations in which η(X×Y, X̂× Ŷ )= 3 holds.
Examples.
(1) Write βN for the Stone– ˇCech compactification of N. If X = Y = βN \ {σ }, σ ∈
βN \ N, then X and Y are countably compact (i.e., pseudocompact) spaces and
according to the last Corollary η(X× Y, X̂× Ŷ )= 3.
(2) If X =Dℵ1 and Y =Dℵ0 , then neither X nor Y are pseudocompact. Since X is not the
union of ℵ0 closed sets in X̂, by Propositions 1 and 2 we have that η(X×Y, X̂× Ŷ )=
3.
Let κ  ℵ0. We say that a subset of a topological space is κ-compact if it is the union
of a family F of compact sets with |F | κ . A κ-compact set S is called exact if for every
β < κ , S is not β-compact. A subset S of X is said to be κco-closed in X if for every family
{Ki}i∈I of compact subsets of S with |I |< κ we have that clX⋃i∈I Ki ⊂ S. For instance,
N is an exact ℵ0-compact set which is (ℵ0)co-closed in any space. It is clear from the
definition that every exact ℵ0-compact set is a σ -compact non compact space. The discrete
space Dℵ1 is an exact ℵ1-compact set which is not (ℵ1)co-closed in D̂ℵ1 .
Given a cardinal number κ , we identify it with the first ordinal number of cardinality κ .
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Definition. We say that a locally compact space X admits an ascending regular cover
of cardinality κ if there exists an open cover {Uβ}β<κ of X such that clX̂ Uβ ⊂ Uδ for
β < δ < κ .
Theorem 4. Let X and Y be noncompact locally compact spaces. The following conditions
are equivalent:
(i) The sets H and V are separated by open sets in X̂× Ŷ .
(ii) There exists a cardinal number κ  ℵ0 for which both X and Y are exact κ-compact
sets κco-closed in X̂ and Ŷ , respectively.
(iii) For a cardinal number κ  ℵ0, X and Y admit ascending regular covers of cardinal-
ity κ .
Proof. (i) implies (ii) Since every topological space is an exact κ-compact set for some κ ,
we can assume that X is an exact α-compact set and Y is an exact β-compact set. Suppose
α = β , say α < β . Then Y is not α-compact and hence Y cannot be expressed as a union
of α closed sets in Ŷ . Since X is the union of a family F of compact sets with |F | = α,
according to Proposition 2, H and V are not separated by open sets in X̂ × Ŷ , which is a
contradiction. Thus α = β .
In the case α = ℵ0, from the definition we have that both X and Y are (ℵ0)co-closed in
X̂ and Ŷ , respectively. Suppose α > ℵ0. Given an infinite cardinal number γ < α, let F be
a family of compact subsets of X with |F | = γ . Since Y is not γ -compact and H and V
are separated by open sets in X̂× Ŷ , by Proposition 2, ∞X is not in clX̂
⋃F , therefore X
is γco-closed in X̂. The proof for Y is the same.
(ii) implies (iii) Suppose that X is an exact κ-compact set which is κco-closed in X̂
and let {Kα}α<κ be a family of compact sets such that X =⋃α<κ Kα . We proceed by
transfinite induction to obtain a family {Cα}α<κ of compact subsets of X which covers X
and Cα ⊂ intCβ for α < β < κ . Let C1 be a compact neighborhood of K1 contained in X
and suppose that we have defined the sets Cα for every α < β < κ . Since X is κco-closed
in X̂ it follows that the family {Cδ}δ<β ∪Kβ is relatively compact in X, therefore we can
choose a compact neighborhood Cβ in X of the closure of its union. Taking Uβ = intCβ
for every β < κ , we obtain an ascending regular cover of X of cardinality κ . The same
proof works for Y .
(iii) implies (i) Suppose that {Uβ}β<κ and {Hβ}β<κ are ascending regular covers of X
and Y respectively. If we define
U =
⋃
β<κ
(
Uβ ×
(
Ŷ \ clŶ Hβ+1
))
,
G=
⋃
β<κ
((
X̂ \ clX̂ Uβ+1
)×Hβ)
then it is easy to check that U and G are disjoint open sets in X̂× Ŷ containing H and V ,
respectively. ✷
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Remark. In the above result it is not sufficient to suppose that the points∞X and∞Y have
the same character. In fact, if we considerX = Y = βN\{σ }, σ ∈ βN\N, by Proposition 2
the sets H and V are not separated by open sets in X̂× Ŷ .
Next, we prove a result about linear extension operators which is needed to obtain the
main results. The set Z(f ) of points of X where a member f of C(X) is equal to zero is
called the zero-set of f . The complement of Z(f ) is called a cozero-set and is denoted by
cozf .
Theorem 5. If {pX} and {pY } are Gδ-sets in X˜ and Y˜ respectively, then there exists a
linear extension operator T from C(R(X × Y, X˜ × Y˜ )) to C(X˜ × Y˜ ) such that for each
function f , the range of Tf is contained in the convex hull of the range of f . In particular
η(X× Y, X˜× Y˜ )= 1.
Proof. By complete regularity, both {pX} and {pY } are zero-sets in X˜ and Y˜ , respectively.
Thus, there exist functions q ∈ C(X˜), t ∈ C(Y˜ ) such that q(pX)= 0, q|X > 0, 0 q  1
and t (pY )= 0, t|Y > 0, 0 t  1. If Vn = {x ∈ X˜: q(x) < 1/n}, then there exist a function
hn ∈ C(X˜) with hn(X˜ \ Vn)= 1 and hn(clVn+1)= 0.
Let W1 = t−1(1/2,2) and for each n  2 let Wn = t−1(1/(n + 1),1/(n − 1)). The
family {Wn}∞n=1 is a countable cozero cover of Y and by [1, Lemma 2.1] there exists a
locally finite partition of unity {gn}∞n=1 on Y˜ such that cozgn ⊂Wn.
Given f ∈C(R(X × Y, X˜× Y˜ )), consider the function Tf : X˜× Y˜ →R defined by
Tf (x, y)=


∑∞
n=1 gn(y)
(
hn(x)f (x,pY )+
(
1− hn(x)
)
f (pX,y)
)
,
(x, y) ∈X× Y,
f (x, y), (x, y) /∈X× Y.
For a point (x, y) ∈X× Y , we have two possibilities:
(1) t (y) ∈ (1/(m+ 1),1/m)
In this case gn(y)= 0 whenever n /∈ {m,m+ 1} and
Tf (x, y) = gm(y)
(
hm(x)f (x,pY )+
(
1− hm(x)
)
f (pX,y)
)
+ gm+1(y)
(
hm+1(x)f (x,pY )+
(
1− hm+1(x)
)
f (pX,y)
)
.
(2) t (y)= 1/m
Then gm(y)= 1 and gn(y)= 0 for every n =m, hence
Tf (x, y)= hm(x)f (x,pY )+
(
1− hm(x)
)
f (pX,y).
Therefore in both cases Tf (x, y) is in the convex hull of f (R(X × Y, X˜ × Y˜ )).
Moreover, since the family {cozgn}∞n=1 is locally finite we have that Tf is continuous
in (x, y).
Let us see now the continuity of Tf at the points of R(X × Y, X˜ × Y˜ ). Fix (pX,y),
y ∈ Y . Given a point (x, z) ∈ Vk × t−1(1/(m+ 1),1/m) with k  m + 2, we have that
hm+1(Vk)= hm(Vk)= 0 and from (1)
Tf (x, z)= gm(z)f (pX, z)+ gm+1(z)f (pX, z)= f (pX, z). (3)
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Consider ε > 0. If t (y) ∈ (1/(m+ 1),1/m), then we choose a neighborhood U of y
contained in Wm ∩Wm+1 with |f (pX, z)− f (pX,y)|< ε for each z ∈ U . Given a point
(x, z) ∈ Vm+2 × U , from (3) we have that Tf (x, z) = f (pX, z) and thus |Tf (x, z) −
f (pX,y)| < ε. If t (y) = 1/m, then y ∈ Wm and we choose a neighborhood U of y
contained in Wm with |f (pX, z)− f (pX,y)| < ε for each z ∈ U . Given a point (x, z) ∈
Vm+2 × U , if z ∈ (Wm ∩ Wm+1) ∪ (Wm ∩ Wm−1) then we can proceed as above and
Tf (x, z) = f (pX, z). In the case t (z) = 1/m, since hm(Vm+2) = 0, by applying (2) we
have Tf (x, z)= f (pX, z) and |Tf (x, z)− f (pX,y)|< ε. Therefore Tf is continuous in
(pX,y).
Consider now a point (x,pY ), x ∈X. Choose an integer m with x ∈ int(X˜ \Vm) and let
U be a neighborhood of x contained in int(X˜ \ Vm) such that |f (x,pY )− f (u,pY )|< ε
for each u ∈U . Given (u, y) ∈U × t−1(0,1/(m+ 2)), suppose nm+ 2. If t (y)= 1/n,
then
Tf (u, y)= gn(y)
(
hn(u)f (u,pY )+
(
1− hn(u)
)
f (pX,y)
)
.
Since gn(y)= 1 and hn(X̂\Vn)= hn(X̂\Vm)= 1, it follows that Tf (u, y)= f (u,pY ).
If t (y) ∈ (1/(n+1),1/n), since hn(X̂ \Vn)= hn(X̂ \Vn+1)= 1 and gn(y)+gn+1(y)= 1,
then according to (1), we have that Tf (u, y)= f (u,pY ). Therefore∣∣Tf (u, y)− f (x,pY )∣∣= ∣∣f (u,pY )− f (x,pY )∣∣< ε.
Finally, let us see the continuity of Tf in (pX,pY ). Given ε > 0, let m be an integer
such that |f (x,pY ) − f (pX,pY )| < ε if x ∈ Vm and |f (pX,y) − f (pX,pY )| < ε if
t (y) ∈ (0,1/m). Let (x, y) ∈ Vm × t−1(0,1/m) and assume that n > m. If t (y) = 1/n,
then from (2)
Tf (x, y)= hn(x)f (x,pY )+
(
1− hn(x)
)
f (pX,y)
and ∣∣Tf (x, y)− f (pX,pY )∣∣
= ∣∣hn(x)(f (x,pY )− f (pX,pY ))+ (1− hn(x))(f (pX,y)− f (pX,pY ))∣∣
< εhn(x)+
(
1− hn(x)
)
ε = ε.
If t (y) ∈ (1/(m+ 1),1/m), according to (1)
f (pX,pY )− Tf (x, y)
= gn(y)f (pX,pY )− gn(y)
(
hn(x)f (x,pY )+
(
1− hn(x)
)
f (pX,y)
)
+gn+1(y)f (pX,pY )− gn+1(y)
(
hn+1(x)f (x,pY )+
(
1− hn+1(x)
)
f (pX,y)
)
= gn(y)
(
hn(x)
(
f (pX,pY )− f (x,pY )
)+ (1− hn(x))(f (pX,pY )− f (pX,y)))
+gn+1(y)
(
hn+1(x)
(
f (pX,pY )− f (x,pY )
)
+ (1− hn+1(x))(f (pX,pY )− f (pX,y)))
then ∣∣f (pX,pY )− Tf (x, y)∣∣ < gn(y)(hn(x)ε+ (1− hn(x))ε)
+ gn+1(y)
(
hn+1(x)ε+
(
1− hn+1(x)
)
ε
)= ε. ✷
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Assume that X and Y are noncompact locally compact spaces. If one of them is
pseudocompact, say X, then η(X × Y, X̂ × Ŷ )  2 by [2, Corollary 2.4]. If in addition,
Y is not pseudocompact, then ∞Y is in the closure of a closed copy of N contained in Y .
According to Corollary 3 we have that η(X × Y, X̂ × Ŷ ) = 3. These conditions on the
factors do not characterize this case since in Examples (1) and (2), the factor spaces have
both the same property.
The following two results characterize completely the case η(X× Y, X̂× Ŷ ) < 3.
Theorem 6. Let X and Y be noncompact locally compact spaces. The following assertions
are equivalent:
(i) η(X× Y, X̂× Ŷ ) < 2.
(ii) X and Y are σ -compact.
(iii) η(X× Y, X̂× Ŷ )= 1.
Proof. (i) implies (ii) Since η(X × Y, X̂ × Ŷ ) < 2, according to Proposition 1 and
Theorem 4 there exists a cardinal number α  ℵ0 such that X and Y are exact α-compact
sets αco-closed in X̂ and Ŷ , respectively. On the other hand, by [2, Corollary 2.4] both X
and Y are not pseudocompact. Then α =ℵ0 and hence X and Y are σ -compact.
(ii) implies (iii) By the assumption, {∞X} and {∞Y } are Gδ-sets in X̂ and Ŷ ,
respectively. The conclusion follows from Theorem 5. ✷
As the following example shows, the above result is not valid for other extensions than
the Alexandroff compactification.
Example 3. Let X = Y = [1,ω1) and X˜ = Y˜ = [1,ω1] with the topology for which
all the points in [1,ω1) are isolated and a neighborhood base of {ω1} is the family
{[α,ω1]: α < ω1}. It is easy to see that the map r : X˜× Y˜ → R(X× Y, X˜ × Y˜ ) defined
r(α,β)=


(α,ω1), α < β,
(ω1,ω1), α = β,
(ω1, β), α > β,
is a retraction. Thus η(X× Y, X˜× Y˜ )= 1 and but X is not σ -compact.
Corollary 7. Let X and Y be noncompact locally compact spaces with η(X×Y, X̂× Ŷ ) <
3. Then η(X× Y, X̂ × Ŷ ) 2 if and only if X and Y are pseudocompact.
Example (2) shows that in the above result the hypothesis η(X× Y, X̂× Ŷ ) < 3 cannot
be omitted.
Questions.
(1) Find a characterization for the case η(X× Y, X̂× Ŷ )= 3.
(2) Is it true in general that η(X× Y, X̂× Ŷ ) < 3 when the sets H and V are separated by
open sets in X̂× Ŷ ?
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